Abstract-One way to implement a low-frequency or broadband fast multipole method is to use the spectral representation, or inhomogeneous plane-wave expansion, of the Green's function. To significantly improve the error-controllability of the method, we propose a new interpolation and anterpolation scheme for the evanescent part.
G(r)
gives an inhomogeneous plane-wave expansion that is accurate at any frequency, but unfortunately, the representation is direction dependent. The integration path Γ is split in two parts: a propagating part Γ p , corresponding to ordinary propagating plane waves; and an evanescent part Γ e , corresponding to evanescent plane waves (complex k). For the propagating part, we can embed the direction dependency into the translation function and get excellent error controllability using an FFT-based approach based on [9] . The evanescent part is, however, more problematic. Using the substitution σ = −ik cos θ, we can express the evanescent part of (1) as
where the wave vector is
Using a generalized Gaussian quadrature rule [7, 10] for the σ-integral and a trapezoidal rule for the ϕ-integral, we can get up to 10 digits accuracy in (2) . Unfortunately, a straightforward interpolation in σ, as proposed in [7] , is not as accurate.
For a scalar source q in a cube Q, the evanescent radiation-pattern is
The sample points in σ are approximately scaled by a factor 2 between adjacent levels, and the square root √ σ 2 + k 2 in (3) makes the radiation patterns hard to interpolate accurately near σ = 0.
To overcome this problem, we exploit the properties of the spherical harmonics
where c nm is a constant and U |m| n is a polynomial of degree n − |m|. The spherical harmonic Y nm (θ, ϕ) is a polynomial of degree n in cos θ if m is even, and Y nm (θ, ϕ)/ sin θ is a polynomial of degree n − 1 in cos θ if m is odd.
A propagating radiation pattern can be expanded using a series of spherical harmonics. Furthermore, the spherical harmonics extend to complex θ, and so we can also approximate an evanescent radiation pattern using a truncated series of spherical harmonics as
Here, b m (σ) is a polynomial of degree N in σ if m is even, while b m (σ)/ 1 + σ 2 /k 2 is a polynomial of degree N − 1 in σ if m is odd.
As we use the samples of the radiation pattern to represent the outgoing field, the above suggests the following interpolation procedure for the evanescent part:
• Use a discrete Fourier transform (DFT) in ϕ to get the samples b m (σ j ).
• Interpolate in σ using ordinary Lagrangian interpolation to get the samples b m (σ j ) for the parent level.
•
• Zero-pad if we need to interpolate in ϕ, and use an inverse DFT to get the samples of F e ∞ (σ, ϕ) for the parent level.
As usual, the anterpolation procedure is a straightforward adjoint of the interpolation procedure.
In theory, this new interpolation procedure should be very accurate, provided that we use enough sample points. In practise, the resulting interpolations are clearly more accurate than the previously used ones [7] , but not significantly slower.
As a benchmark, to verify the accuracy of the new interpolation scheme, we use the N -body problem
with N = 10 000 and a 6-level MLFMA using the spectral representation of the Green's function, as in [7] , both using the interpolation scheme of [7] and the new interpolation scheme presented here. The points r n are randomly distributed on a sphere with a radius of one wavelength (λ) and the scalar sources q n has random amplitude. The used levels have cube side-lengths between λ/2 and λ/16, which is the most problematic region for the interpolation in σ. The results are summarized in Table 1 . The new interpolation scheme significantly improves the error controllability of the translation procedures proposed in [7] , so that we can obtain up to 8 digits accuracy in the scalar Green's function. 
